We study the p-adic (generalized) hypergeometric equations by using the theory of multiplicative convolution of arithmetic D-modules. As a result, we prove that the hypergeometric isocrystals with suitable rational parameters have a structure of overconvergent F -isocrystals. Convolution Theorem over C. Let α = (α 1 , . . . , α m ) and β = (β 1 , . . . , β n ) be two sequences of complex numbers and assume that α i −β j is not an integer for any i , j .
0 Introduction. Katz [Ka, 5.3 .1] discovered that the hypergeometric D-modules on A 1 C \{0} can be described as the multiplicative convolution of hypergeometric D-modules of rank one. Precisely speaking, Katz proved the statement (ii) in the following theorem (the statement (i) is trivial but put to compare with another theorem later).
Convolution Theorem over C. Let α = (α 1 , . . . , α m ) and β = (β 1 , . . . , β n ) be two sequences of complex numbers and assume that α i −β j is not an integer for any i , j . Besides the hypergeometric D-modules over the complex numbers, Katz also studied the ℓ-adic theory of hypergeometric sheaves. Let k be a finite field with q elements, let ψ be a non-trivial additive character on k and let χ = (χ 1 , . . . , χ m ), ρ = (ρ 1 , . . . , ρ n ) be sequences of characters on k × satisfying χ i = ρ j for all i , j . Then, he defined the ℓ-adic hypergeometric sheaves H (χ; ρ) has a property similar to (i) in the above theorem. Namely, it is a smooth sheaf on G m,k of rank max{m, n} if m = n, and its restriction to G m,k \{1} is a smooth sheaf of rank m if m = n [Ka, Theorem 8.4.2] . Moreover, by definition, H ℓ ψ,! (χ; ρ) has a Frobenius structure. The Frobenius trace functions of the ℓ-adic hypergeometric sheaves are called the "hypergeometric functions over finite field". This function gives a generalization of the classical Kloosterman sums. Moreover, this function has an intimate connection with the Frobenius action on the étale cohomology of a certain class of algebraic varieties (for example, Calabi-Yau varieties) over finite fields. (The hypergeometric function over finite field is also called the "Gaussian hypergeometric function" by Greene [G] , who independently of Katz found this function based on a different motivation.)
The purpose of this article is to develop a p-adic counterpart of these complex and ℓ-adic hypergeometric objects. This p-adic hypergeometric object will have a presentation in terms of the (p-adic) differential equation, and at the same time has a Frobenius structure. For its formalisation, we exploit the theory of arithmetic D-modules introduced by Berthelot. The main theorem of this article is stated as follows.
Main Theorem. Let K be a complete discrete valuation field of mixed characteristic (0, p) with residue field k, a finite field with q elements. Let π be an element of K that satisfies π q−1 = (−p) (q−1)/(p−1) . Let α = (α 1 , . . . , α m ) and β = (β 1 , . . . , β n ) be two sequences of elements of 1 q−1 Z, and assume that α i −β j is not an integer for any i , j .
Let Hyp π (α; β) be the D † Then, Hyp π (α; β) has the following properties.
(i) If m = n, then Hyp π (α; β) has a structure of an overconvergent F -isocrystal on G m,k of rank max {m, n}. If m = n, then the restriction of Hyp π (α; β) to P 1 V \{0, 1, ∞} has a structure of an overconvergent F -isocrystal on G m,k \{1} of rank m.
(ii) We have an isomorphism
Hyp π (α; β) ∼ = Hyp π (α i ; ) * · · · * Hyp π (α m ; ) * Hyp π ( ; β 1 ) * · · · * Hyp π ( ; β n ).
(iii) Let x be a closed point in G m,k if m = n, and in G m,k \{1} of m = n. Then, the Frobenius trace of the overconvergent F -isocrystal obtained in (i) at x equals that of the ℓ-adic hypergeometric sheaf H ℓ ψ,! (χ; ρ), where ψ, χ and ρ are the corresponding (sequence of) characters to π, α and β respectively. In this theorem, (i) states not only that it is a free O-module of the desired rank, but also that this D-module satisfies a kind of convergence condition and that it has a Frobenius structure. Despite the triviality of (i) of Convolution Theorem over C, this is therefore a highly non-trivial statement.
Another difference from the over-C case is that we restricted the parameters to rational coefficients. We expect that, even for other p-adic parameters not necessarily coming from characters, the arithmetic hypergeometric D-modules are overconvergent isocrystals (not necessarily with Frobenius structure) if these parameters satisfy the non-Liouville difference condition. However, since the overholonomicity of arithmetic D-modules is not preserved by tensor product, our method is not applicable at least verbatim.
We briefly explain the strategy of the proof of Main Theorem.
We firstly prove (ii). By a similar argument to the theory of D-module over the complex numbers, the convolution with Hyp π (α i ; ) can be described by using the p-adic Fourier transform of D-modules "on A 1 ". We compare Hyp π (α; β), which is an object "on G m ", with the D-module "on A suitable conditions. We note that our Main Theorem (i) in the case where m = n thus proves that the regular singular differential equations as above are examples of the objects which he is dealing with.
There are other studies on the p-adic hypergeometric equations. Another study by Crew [Cr1] deals with them in the case where n = 0, all α i 's are zero, p is not divisible by m and p = 2; our Main Theorem (i) is proved there in this case. A theorem due to Tsuzuki [T, 3.3.1, 3.3.3 ] is applicable to proving the overconvergence and the existence of a Frobenius structure for "Picard-Fuchs equations" such as Hyp(1/2, 1/2; 0, 0), and we may prove Main Theorem (i) by it in these cases. Our approach is quite different from theirs in the point that we extensively use the multiplicative convolution and systematically deal with general case including these two cases.
At last, we note that the p-adic theory of hypergeometric functions (or exponential sums) are also studied in terms of partial linear differential equations of rank one on a higher dimensional torus, for example by Dwork [D] and Adolphson [Ad] .
We conclude this introduction by explaining the structure of the article.
Section 1 is a quick review of the theory of arithmetic D-modules.
Section 2 is devoted to giving a fundamental properties of multiplicative convolution of arithmetic D-modules.
Section 3 concerns the arithmetic hypergeometric D-modules. In Subsection 3.1, we give a definition of the p-adic hypergeometric D-modules by using the padic hypergeometric differential operators, and prove fundamental properties of them. In Subsection 3.2, we give another definition of the p-adic hypergeometric D-modules by using the multiplicative convolution, and compare it with the one defined in Subsection 3.1; Main Theorem (i) is proved here (Theorem 3.2.5). Subsection 3.3 gives additional properties of p-adic hypergeometric D-modules concerning multiplicative convolutions.
Section 4 deals with the hypergeometric isocrystals. In Subsection 4.1, we proved that the p-adic hypergeometric D-modules are in fact overconvergent F -isocrystals
on the desired open subsets. Here, we finish the proof of Main Theorem ((ii) is proved in Theorem 4.1.3. For (iii), see Remark 4.1.9.) In the last Subsection 4.2, we prove the irreducibility of the hypergeometric isocrystals and give a characterization of them.
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Conventions and Notations.
Throughout this article, V denotes a complete discrete valuation ring of mixed characteristic (0, p) whose residue field k is a finite field with q = p s elements. The fraction field of V is denoted by K . We denote by |·| the norm on K normalized as |p| = p −1 . We will assume that K has a primitive p-th root of unity after Subsection 3.2.
If P is a smooth formal scheme over Spf(V ), then D † P,Q denotes the sheaf of rings of arithmetic differential operators introduced by Berthelot [B4] . Moreover, if
T is a divisor of the special fiber of P, then D † P,Q ( † T ) denotes the sheaf of arithmetic differential operators with overconvergent singularity along T [B4, 4.2] .
Let A be a sheaf of (not necessarily commutative) rings. If we say "A -module", we always mean a sheaf of left A -modules. Finally, in this article, if κ is a field, a κ-variety means a separated κ-scheme of finite type.
Arithmetic D-modules.
In this section, we recall the theory of arithmetic D-modules that will be used in this article.
Six functors.
In this subsection, we fix terminologies and notations, and quickly summarize the theory of six-functor formalism of arithmetic D-modules. For a detailed explanation, the reader may consult Section 1] .
Let P be a smooth formal scheme over Spf(V ). Caro [Ca2,  
It is convenient to introduce here the following terminology. Definition 1.1.1. (i) A d-couple is a pair (P, T ), where P is a smooth formal scheme over Spf(V ) and where T is a divisor of the special fiber of P (an empty set is also a divisor).
(
realizes the k-variety X if P is proper and X is the special fiber of P \T .
Now, let X be a k-variety, and assume that there exists a d-couple (P, T ) realizing X . Then, the category D
is proved to be independent of the choice of (P, T ) up to a canonical equivalence. This category is also denoted by Dual functor. Let X be a realizable k-variety. Then, we have the dual functor
Pull-back functors. Let f : X ′ → X be a morphism of realizable k-varieties. Then, we have the extraordinary pull-back functor
Moreover, we define the ordinary pull-back functor 
compatible with the functor f ! above. In fact, Berthelot's construction [B3, 4.3.3] gives a functor f
In the case where f : Push-forward functors. Let f : X ′ → X be a morphism of realizable k-varieties. Then, we have the push-forward functor f + :
Moreover, we define the extraordinary push-forward functor
We have a natural morphism f ! → f + , and it is an isomorphism if f is proper. We mention here a special case. Assume that f is realized by a morphism of d-couples f : (P ′ , T ′ ) → (P, T ). Then, we have a push-forward functor [Ca1, 1.1.6]
and it is compatible with the f + above. If f is an open immersion, if P ′ = P and if f is the identity morphism on P, then f + is obtained by considering the complex of
Tensor products. Let X be a realizable k-variety. Then we have the twisted tensor functor
is the sheaf of functions on P with overconvergent singularities along T [B4, 4.2.4] , and ⊗ † denotes the overconvergent tensor product.
Exterior tensor product. Let X , Y be two realizable k-varieties. Then, we have the exterior tensor product
denotes the first (resp. second) projection.
The functor −⊠− is isomorphic to pr 
. By using the dual functor, we also get a natural isomor-
Projection formula is also available A.6] . Namely, let f :
The base change theorem is also available; assume that we are given the cartesian diagram
In fact, the first isomorphism is the base change theorem 1.3.10] , and the second one is derived from the first by using the dual functors. Scalar Extension. We introduce a functor of scalar extension. Let k ′ be a finite extension of k with q ′ = p s ′ elements, and put
. Let X be a realizable variety over k and put
Under this setting, we have the "changing the base field" functor
(Note that a Frobenius structure on an object
For later use, we describe the construction of ι k ′ /k assuming that X is realized by a d-couple (P, T ) realizing X . We first fix notations. Put
by definition of Berthelot's functor f ! . Because of the presence of the Frobenius
. By the properties of six functors, the scalar extension functor ι k ′ /k commutes with six functors.
Frobenius trace function. Let
(X /K ) and let k ′ be a finite extension of k. In this paragraph, we make explicit the term "Frobenius trace of (M ,
′ is a complex of K ′ -vector spaces each of whose cohomology is finite-dimensional, and the natural morphism M
Overconvergent F -isocrystals. At last, we recall the relationship between the theory of isocrystals and that of arithmetic D-modules. Let X be a smooth scheme of dimension d which is separated of finite type over k, and assume that there exists a d-couple (P, T ) realizing X . Then, there exists a fully faithful functor
where the target denotes the category of coherent We say that an object
is an overconvergent F -isocrystal if it belongs to the essential image of sp + .
If f : X → Y is a morphism between smooth schemes separated of finite type, and if we put d :
1.2 D † -affinity.
As in the classical case, when we discuss about the coherent D † -modules, it often suffices that we may just discuss on the global sections. In this subsection, we recall a fundamental theorem about this point and give two particular examples which we regularly use in this article. H, 5.3.3] ). Let P be a projective smooth formal scheme over Spf(V ), and let T be an ample divisor of the special fiber of P. Then, the functor Γ(P, −) is exact and gives an equivalence of categories from the category of coherent
We particularly apply this theorem to the following two d-couples: (P,
. In these cases, the ring of global sections of the
has an explicit description (cf. [H, p. 915] ), and we immediately get the following corollaries.
Corollary 1.2.2. Let A 1 (K )
† be the ring defined by
Then, the functor Γ( 
Here, |l| ∞ denotes the Euclid norm. Then, the functor Γ( P 1 V , −) is exact and gives an equivalence of categories from the category of coherent
In the rest of this article, we implicitly use these equivalences and identify the source and the target. ({λ}/K ). We define δ λ := ι λ,+ (O {λ},Q ) . If λ denotes the Teichmüller lift of λ, this object is isomorphic to
Examples of overholonomic arithmetic D-modules.
Dwork module associated with a non-trivial additive character. Let ψ be a non-trivial additive character on k and assume that K contains a primitive p-th root of unity. We associate with ψ an overholonomic
) L ψ , which we call "the Dwork module associated with ψ". Before we review its definition, let us recall the fact that ψ defines an element π ψ of K as follows [B1, (1. 3)].
Firstly, remark that the character ψ takes value in K because we assumed that K has a primitive p-th root of unity. Now, if k is a prime field, then π ψ is defined to be the unique root of X p−1 +p that satisfies
For general k, let k 0 be the prime field contained in k and fix a nontrivial additive character ψ 0 on F p . Then, there exists a unique element a ∈ F q that satisfies
The element π ψ is defined by π ψ = π ψ 0 a, where a is the Teichmüller lift of a in K . Conversely, we may recover ψ from π ψ as follows. In fact, the radius of convergence of the formal power series θ ψ (z) = exp π ψ (z−z q ) is strictly greater that 1, and for each x ∈ F q , we have the equation We are now ready for defining the Dwork module L ψ associated with the nontrivial additive character ψ. It is defined to be the coherent
with the Frobenius structure
here, e ψ denotes the global section of L ψ defined by the global section 1 ∈ A 1 (K ) † and x denotes the coordinate. We also denote L ψ by L π ψ and call it the Dwork module associated with π ψ . We recall some fundamental properties of the Dwork module. (ii) Because ι k ′ /k is exact and sends
Frobenius structures are also compatible because (G m,k ) ) K α , which we call "the Kummer module associated with α", in the following way. We define
, ∞})-module) with the Frobenius structure
here, e α denotes the global section of K α defined by the element 1 ∈ B 1 (K ) † .
As we did in the case of Dwork modules, we may consider the Kummer modules as being associated with characters. Let χ be a (multiplicative) character on k × . Let α χ be an element of
is also denoted by K χ ; this does not depend on the choice of α χ up to isomorphism because K α ∼ = K α+1 for any α ∈ 1 q−1 Z. The following properties, which correspond to those for Dwork modules (Proposition 1.3.1), are also available. The proof is also parallel to that of Proposition 1.3.1 and we omit it.
(iii) Let x be an element of k ′× and consider it as a k-valued point i x : {x} → G m,k .
Then, the Frobenius trace of K χ at x is −qχ(x).
Fourier transform.
Let ψ be a non-trivial additive character on k, and we fix it throughout this subsection. We assume that K contains a primitive p-th root of unity. Recall from the previous subsection that then an element π ψ of K is associated with ψ and that we have the Dwork module
The purpose of this subsection is recalling the theory of Fourier transforms of arithmetic D-modules, which is closely related to the theory of multiplicative convolution. The basic references are articles of Huyghe [NH1, NH2] . Her theory of p-adic Fourier transforms is the one with respect to the character ψ which can be expressed by ψ 0 •Tr k/k 0 (in other words, for which π ψ is a root of X p−1 + p). However, her argument remains valid for general ψ, we use the theory of p-adic Fourier transform for a general ψ. First, we define the "integral kernel" of the arithmetic Fourier transform. Let
Definition 1.4.1. The functor
where
V , {∞}) denotes the smooth morphism of d-couples defined by the i -th projection
We also define the geometric Fourier transform on the category
These two functors are compatible with each other because it is true for each functor appearing in the definitions.
In defining the geometric Fourier transform, we could have used pr 2,! instead of pr 2,+ , and Huyghe proved that these two "geometric Fourier transforms" coincide. The following proposition is a special case of her result.
Then, the natural morphism
is an isomorphism. We here state some basic properties of these convolutions. 
Proof. This is an easy exercise of six functors. As an example, let us prove (i). Let Proof. Let µ : G m,k ×G m,k → G m,k denote the multiplication map and let pr i :
, and let f : G x → Spec(k) denote the structure morphism. Then, by the base change theorem, we have
The Frobenius trace of this object at a closed point can be calculated by the trace formula [Ab2, A.4 .1]. Each k-valued point of G x is of the form (i x 1 , i x 2 ), where x 1 , x 2 ∈ k × with x 1 x 2 = x, and where i x j is the k-valued point Spec(k) → G m,k defined by x j . For this k-valued point, we have
where the last isomorphism follows from [Ab1, Proposition after 5.8]. This shows the claim.
Relation with Fourier Transforms.
In this subsection, we will show that the convolutions are "symmetric" generalizations of the geometric Fourier transform. In this subsection, inv : G m,k → G m,k denotes the morphism defined by x → x −1 , pr i : G m,k ×G m,k → G m,k denotes the i -th projections for i ∈ {1, 2}.
Lemma 2.2.1. For each objects
Proof. The proof goes as in [Ka, (5 
. By using inv•pr 1 •σ = pr 1 , we have for each ? ∈ {+, !}
where the second isomorphism is the projection formula applied to σ. Since σ•σ = id, we have a natural isomorphism σ * ∼ = σ + of functors, which shows that σ + •pr
This shows the claim.
Proposition 2.2.2. Assume that K contains a primitive p-th root of unity. We denote by j
we have natural isomorphisms
Proof. The proof of the first isomorphism goes precisely as in the over-C case [Ka, 5.2.3] and is omitted here. In the same way, we may construct an isomorphism
3 p-adic hypergeometric D-modules.
In this section, we introduce the p-adic hypergeometric D-modules in two ways; one is given by explicit hypergeometric equations, and the other uses the multiplicative convolutions. After that, we compare these two D-modules and investigate the properties of them.
Hypergeometric differential operators.
First, let us define a hypergeometric differential D † -module on G m,k by using hypergeometric differential operators.
Definition 3.1.1. Let π be a non-zero element of K , and let α 1 , . . . , α m , β 1 , . . . , β n be elements of K . We write the sequence α 1 , . . . , α m by α and β 1 , . . . , β n by β.
(i) We define the hypergeometric operator Hyp π (α; β) = Hyp π (α 1 , . . . , α m ; β 1 , . . . , β n ) to be 
{0, ∞}) denote the morphism of d-couples defined by the inversion morphism inv : P
, where −α (resp. −β) denotes the sequence −α 1 , . . . , −α m (resp. −β 1 , . . . , −β n ).
(ii) Let γ be an element of (α+γ; β+γ) , where α+γ (resp. β+γ) denotes the sequence α 1 +γ, . . . , α m +γ (resp. β 1 +γ, . . . , β n +γ).
Proof. (i) Since inv
* is identified with the base extension via
fined by x → x −1 and ∂ → −x 2 ∂, it suffices to show that the left ideal generated by
equals that generated by Hyp (−1) p π (−β; −α). This can be seen by a direct calculation:
(ii) We know that Later, we also have to consider the hypergeometric differential operator "on A 
Proof. (i) The assertion follows from the fact that the functor j * is exact on the cat-
and let ϕ : L → j + j * L denote the natural morphism in question. In order to prove that ϕ is an isomorphism, it suffices to prove that the left multiplication l x : L → L by x on L is bijective. In fact, suppose that we have proved the bijectivity of l x . Since the restriction of ϕ (regarded as a morphism of
isomorphism, it suffices to show that the restriction of ϕ on A 1 V is an isomorphism.
Let us denote by i : ({0}, ) → ( P 1 V , {∞}) the morphism of d-couples defined by the closed immersionī : {0} → P 1 V . Then, by the definition of extraordinary pull-back [Ca1, (1.1.6.1)] (cf. [B3, 4.3 
− → L , where the target is placed at degree zero. Therefore, the bijectivity of l x is equivalent to i
In the localization triangle [Ca1, (1.1.6.5) is an isomorphism, which concludes the proof. Now, we show that l x is bijective. We firstly work on the injectivity. Let P,Q be elements of A 1 (K ) † that satisfies xP = Q Hyp π (α; β). We show that Q ∈ x A 1 (K ) † ;
then, since x is not a zero-divisor in A 1 (K ) † , we get that P ∈ A 1 (K ) † Hyp π (α; β) and the injectivity follows. In order to show that Q ∈ x A 1 (K ) † , we may assume that Q is of the form Q = ∞ l =0 c l ∂ [l ] , where c l 's are elements of K satisfying ∃C > 0, ∃η <
By assumption, the left-hand side belongs to x A 1 (K ) † , which shows that, for each l,
Fix a positive integer l that exceeds all α j 's and β j 's. Then, for each natural number k, we have
Lemma 3.1.5 below shows that (l +k −1−β j ) . .
. By these inequalities and
This completes the proof of the surjectivity of l x , and therefore of the proposition.
Lemma 3.1.5. Let l, N be natural numbers that satisfies l ≤ N , and let α be an element of
Proof. Let m be a positive integer, and let t m be the number of (s−α)'s for s = l, . . . , N that belongs to p m Z (p) :
, there is exactly one multiple of p m in every p m successive (s −α)'s, and as a result we have
is a multiple of p m if and only if so is the integer (q −1)(s −α). Now, since
in general. Moreover, if α < l, then by the discussion above we have
and it satisfies
This shows the assertion.
Arithmetic hypergeometric D-modules and convolution
In this section, firstly, we give another construction of arithmetic hypergeometric D-modules. Under this definition, these D-modules are overholonomic and have Frobenius structures by nature. Secondly, we compare these D-modules with the ones given in the previous subsection. The comparison is the main part of this article.
In the remaining part of this article, we always assume that K has a primitive p-th root of unity.
Definition 3.2.1. Let ψ be a non-trivial additive character on k, and let χ 1 , . . . , χ m and ρ 1 , . . . , ρ n be multiplicative characters on k
denote the inclusion. We denote the sequence χ 1 , . . . , χ m by χ and ρ 1 , . . . , ρ n by ρ; the empty sequence is denoted by . Then, we define an object
(iv) Otherwise, Hyp ψ,+ (χ; ρ) is defined by (ii) Let γ be a character on k
) is isomorphic to Hyp ψ,? (χγ; ργ), where χγ (resp. ργ) denotes the sequence χ 1 γ, . . . , χ m γ (resp. ρ 1 γ, . . . , ρ n γ). , 1) , then the assertion is obvious by definition. Otherwise, it follows from the formula inv
whose proof is immediate.
(ii) If (m, n) = (1, 0), then the claim directly follows from the formula , 1) , then it suffices to use this formula and the formula inv
In order to prove the assertion in the general case, we first note that µ
This fact and the assertion for (m, n) = (1, 0), (0, 1) finish the proof. 
Moreover, we denote by χ (resp. ρ) the sequence χ 1 , . . . , χ m (resp. ρ 1 , . . . , ρ n ) and by χ ′ (resp. ρ ′ ) the sequence χ
Proof. If (m, n) = (0, 0), the assertion is obvious. If (m, n) = (0, 0), then it follows from the description of scalar extension of Dwork modules and of Kummer modules (Subsection 1.3) and from the fact that the scalar extension commutes with the sixfunctor formalism.
Theorem 3.2.5. Let ψ be a non-trivial additive character on k, and let χ 1 , . . . , χ m , ρ 1 , . . . , ρ n be characters on k × . Let α (resp. β) denote the sequence α 1 , . . . , α m (resp.
We assume that (m, n) = (0, 0) and that χ i = ρ j for any i , j .
Then, we have an isomorphism
Proof. We prove it by induction on m +n. The proof in the case (m, n) = (1, 0), (0, 1) is already explained in Remark 3.2.2. First, by Lemma 3.1.3 (i) and Lemma 3.2.3 (i), we may assume that m > 0. Moreover, by Lemma 3.1.3 (ii) and Lemma 3.2.3 (ii), we may assume that χ 1 = 1 and
. It therefore suffices to show the isomorphism Hyp ψ,+ (χ follows from the theorem together with Proposition 3.1.4 (i), (ii).
Comparison of two hypergeometric D-modules associated with characters
In Definition 3.2.1, we defined two versions of hypergeometric D-modules associated with characters; one uses * ! and the other uses * + . The goal of this subsection is to prove that these are naturally isomorphic to each other under the hypothesis in Theorem 3.2.5. We begin with a variant of Proposition 3.1.4 (ii). Then, the natural morphism
is an isomorphism.
Proof. We put L := A 1 (K ) † /A 1 (K ) † Hyp π (α; β); it is overholonomic and has a Frobenius structure by Corollary 3.2.6. By the localization triangle j ! j (3.1.9 .1)], it suffices to prove that i Cr2, 5.1.3] , where L an denotes the analytification of L , it suffices to prove that ∂ bijectively acts on L an . Moreover, since the kernel and the cokernel of this morphism have the same dimension 3.1.10 and Remark after that] , it only remains to show that it is injective.
Recall that the ring D an of analytic differential operators [Cr2, 4.1 
Here 
modulo ∂D an , the assumption that α i ∈ Z shows inductively that all c l 's are zero.
Corollary 3.3.2. Under the situation in the previous proposition, the natural morphism
Proof. Combine Proposition 3.1.4 and Proposition 3.3.1. Now, we get the following proposition. 
Proof. If (m, n) = (0, 0), (1, 0), (0, 1), the assertion is obvious by definition. Let us prove the assertion by induction on m + n. As in the proof of Theorem 3.2.5, we may assume that m > 0 and that χ 1 is trivial. Then, (again by the similar argument as in the proof of Theorem 3.2.5,) the claim reduces to showing that
is an isomorphism. By induction hypothesis, the natural morphism
is an isomorphism, and moreover Theorem 3.2.5 shows that both are isomorphic to H π (α; β) for some π, α i 's and β j 's satisfying the assumption of Proposition 3.3.1.
Therefore, the morphism
is an isomorphism because the underlying morphism in D 
Hypergeometric Isocrystals.
In this section, we study the isocrystals (in the classical sense) defined by hypergeometric differential operators. The first subsection compares it with the arithmetic hypergeometric D-modules in the previous section, and as a result, proves that the latter is has a structure of overconvergent F -isocrystals. In the second subsection, we discuss the irreducibility and a characterization of these overconvergent F -isocrystals.
Recall that we are always assuming that K has a primitive p-th root of unity.
Overconvergence of hypergeometric isocrystals.
Throughout this subsection, we fix a π ∈ K × with π q−1 = (−p) (q−1)/(p−1) , fix elements α 1 , . . . , α m and β 1 , . . . , β n in 1 q−1 Z such that α i −β j ∈ Z for any i , j , and assume that (m, n) = (0, 0). We put r := max{m, n}. We denote by T the divisor {0, ∞} of P \T . In this subsection,
Lemma 4.1.1. We have
Proof. (x∂)
l is the sum of x l ∂ l and a differential operator of differential order < l. The assertion follows from this fact.
This lemma shows that
h r (x) 's are global sections of O X K . With this in mind, we define the hypergeometric isocrystals H π (α; β) on X as follows.
⊕r equipped with the connection
The following theorem, which relates the isocrystal H π (α; β) and the arithmetic 
In particular, H π (α; β) has a structure of a convergent F -isocrystal on X overconvergent along T .
In the course of the proof, we need the theory of hypergeometric functions over finite fields (or hypergeometric sums) [Ka, (8.2.7) ] and the ℓ-adic hypergeometric sheaves [Ka, Theorem 8.4 .2].
Definition 4.1.4. (i) Let m, n be natural numbers and let t be an element of k. We define the hypersurface V (m, n, t ) of (G m,k ) m+n by the equation
where (x 1 , . . . , x m , y 1 , . . . , y n ) is the coordinate of (G m,k ) m+n . (ii) Let ψ be a non-trivial additive character on k, and let χ 1 , . . . , χ m , ρ 1 , . . . , ρ n be multiplicative characters on k × . We denote the sequence χ 1 , . . . , χ m (resp. ρ 1 , . . . , ρ n ) by χ (resp. ρ). Then, the function Hyp ψ (χ; ρ) on k × is defined by
where the sum runs over (x 1 , . . . , x m , y 1 , . . . , y n ) ∈ V (m, n, t ). 
We refer the smooth ℓ-adic sheaf H ℓ ψ,! (χ; ρ) in the previous proposition as "the ℓ-adic hypergeometric sheaf".
We are now ready for the proof of Theorem 4.1.3. We start by calculating the The case where (m, n) = (0, 1) can be proved similarly. In general, for any sequences χ (resp. χ ′ , ρ, ρ ′ ) of characters on k × , we have
The claim is proved by this formula, Proposition 2.1.3 and the previous two cases.
Proof. By assumption, there exists a convergent isocrystal E on Y satisfying sp
remains to prove that its rank equals r .
Let x be a closed point of Y with residue field κ(x). Then, i
2.14.1)]; for proving the lemma, it suffices to show that the (−1)-st cohomology is of dimension r . By the scalar extension, we may assume that x is a k-rational point. Let ψ (resp. χ i 's and ρ j 's) be a non-trivial character on k (resp. characters on k × ) corresponding to π (resp. α i 's and β j 's), so that H π (α; β) ∼ = Hyp ψ,+ (χ; ρ)[−(m +n)]. For each positive integer h, let k h be a field extension of k of degree h. By using the previous proposition, we see just as in [Ka, (8.2.7) ] that the Frobenius trace at x of
The assumption and the purity (1.2. 14.1)] shows that the trace of the Frobenius action on this (−1)-st cohomology is the minus of (4.1). Since it equals the Frobenius trace of the smooth ℓ-adic sheaf H ℓ ψ,! (χ; ρ) of rank r at x, there exist (qWeil) numbers γ 1 , . . . , γ r independent of h satisfying Remark 4.1.9. Let ψ (resp. χ i 's and ρ j 's) be a non-trivial character on k (resp. characters on k × ) corresponding to π (resp. α i 's and β j 's). Then, Proposition 4.1.6 shows that the Frobenius trace of H π (α; β) equals (−1) m+n+1 Hyp ψ (χ; ρ) (The difference from the Frobenius trace of Hyp ψ,! (χ; ρ) comes from the isomorphism of purity [Ab-Ca1, (1.2.14.1)]). As a result, the Frobenius trace of H π (α; β) coincides with that of ℓ-adic hypergeometric sheaf, which we denoted by H 
Irreducibility and a characterization of hypergeometric isocrystals.
We firstly prove that the arithmetic hypergeometric D-modules are irreducible. Proof. If (m, n) = (0, 0), then both assertions are trivial. We prove both (i) and (ii) by induction on m +n. In order to prove (i), we first note that the irreducibility is preserved under taking inv * and under the tensorisation of K γ 's because these operations are equivalences of categories from F -D b ovhol (G m,k /K ) to itself. Therefore, by the same argument as in the proof of Theorem 3.2.5, we may assume that m > 0 and that χ 1 is trivial. In the proof of Theorem 3.2.5, we see that This proposition also gives the irreducibility of hypergeometric isocrystals. At last, we give a characterization of hypergeometric isocrystals in terms of Frobenius trace function. Proof. First, note that H π (α; β) is pointwise ι-pure because the Frobenius traces coincide with those of a smooth ℓ-adic sheaf H ℓ ψ (χ; ρ) and the latter is so [Ka, Theorem 8.4.2 (4) ]. Therefore, by the "Čebotarev density theorem" for overconvergent F -isocrystals [Ab1, 3] , the semi-simplifications of F and H π (α; β) are isomorphic to each other. Because H π (α; β) is irreducible by the previous proposition, F is itself isomorphic to H π (α; β) . In particular, F is irreducible, which shows the last part of the proposition.
